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Outline

• Two-way model with unequal number of observations
• Test of variance components
• Mixed linear model with two variance components
• Estimation of fixed effects
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Area/Time model

Time

Area 1 2 3

1 5 6 5

2 4 2 7

3 7 5 3

yijk = µ + αi + βj + γij + ǫijk, i = 1, 2, . . . , r

j = 1, 2, . . . , s

k = 1, 2, . . . , nij
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Two-way model with unequal number of observations

ys
ijk = µijk + ǫs

ijk, i = 1, 2, . . . , r

ǫs
ijk ∼ N(0, σ2

s ) j = 1, 2, . . . , s

k = 1, 2, . . . , nij

µijk = θijk + uijk, i = 1, 2, . . . , r

uijk ∼ N(0, σ2
u) j = 1, 2, . . . , s

k = 1, 2, . . . , nij

θijk = µ + αi + βj + γij + (xijk − xij•)δij
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Two-way model with unequal number of observations

θijk = µ + αi + βj + γij + (xijk − xij•)δij

Area effects are fixed:

µ, αi, (xijk − xij•)δij

Time effects are random:

β = (βj) ∼ Ns(0, σ2
βIs), γ = (γij) ∼ Nrs(0, σ2

γIrs)
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Two-way model with unequal number of observations

yijk = µ + αi + βj + γij + (xijk − xij•)δij + ǫijk, i = 1, 2, . . . , r

ǫijk = uijk + ǫs
ijk j = 1, 2, . . . , s

k = 1, 2, . . . , nij

β = (βj) ∼ Ns(0, σ2
βIs)

γ = (γij) ∼ Ns(0, σ2
γIrs)

ǫ = (ǫijk) ∼ NN (0, σ2IN ), N =
∑

ij

nij
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Two-way model with unequal number of observations

Define H as an averaging operator on y = (yijk) and put

z = (ȳij•) = H ′y, z : rs × 1.

There exists a generator of C(H)⊥, say Ho. Let
Rx = (xijk − xij•) and δ = (δij). Then,

Ho′

y ∼ NN−rs(H
o′

Rxδ, σ2Ho′

Ho) ⊥ z = H ′y.

Moreover,

z = µ1s ⊗ 1r + (Ir ⊗ 1s)α + (1r ⊗ Is)β + (Ir ⊗ Is)γ + ǭ

= µ1rs + (Ir ⊗ 1s)α + (1r ⊗ Is)β + γ + ǭ,

ǭ = H ′ǫ ∼ Nrs(0, σ2H ′H).
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Decomposition of linear spaces

z = µ1rs + (Ir ⊗ 1s)α + (1r ⊗ Is)β + γ + ǭ.

First step: C(H) ⊞ C(H)⊥.

Moreover,

C(H) = C(HB1) ⊕ C(HB2) ⊕ C(HB3),

where

B1 = (Ir ⊗ 1s)s
−1/2

B2 = (1r ⊗ 1
o
s)(1

o′

s 1
o
s)

−1/2r−1/2

B3 = (1o
r ⊗ 1

o
s)((1

o′

r 1
o
r)

−1/2 ⊗ (1o′

s 1
o
s)

−1/2)

and B′
1B1 = Ir, B′

2B2 = Is−1, B′
3B3 = I(r−1)(s−1).
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Manipulations

It follows that

D[

(
B′

2z

B′
3z

)
] = diag(rσ2

βIs−1 + σ2
γIs−1, σ

2
γI(r−1)(s−1)) + σ2L,

where

L =

(
B′

2

B′
3

)

HH ′
(

B2 B3

)
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Manipulations

Main idea
Solve the following equation in u = (u′

1,u
′
2)

′

D[

(
B′

2z

B′
3z

)
+ u] = diag(rσ2

βIs−1 + σ2
γIs−1, σ

2
γI(r−1)(s−1)) + cσ2Ir(s−1),

where c is a constant and u is independent of z and normally
distributed.

Why is this important?

SAE 2013, Bangkok, September 1-4, 2013 – p. 10/31



Manipulations

Solution

Since
(Ho′

Ho)−1/2Ho′

y ∼ NN−rs((H
o′

Ho)−1/2Ho′

Rxδ, σ2IN−rs) we
may regress and define the residual R so that

R ∼ NN−rs−t(0, σ2IN−rs−t), t = r(Ho′

Rx).

Let v be r(s − 1) variables drawn from R and let λmax be the
largest eigenvalue of L. Then,

u = (λmaxI − L)1/2v

solves

D[

(
B′

2z

B′
3z

)

+ u] = diag(rσ2
βIs−1 + σ2

γIs−1, σ
2
γI(r−1)(s−1)) + cσ2Ir(s−1).
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Exact tests

Let

w1 = B′
2z + u1 ∼ Ns−1(0, rσ2

βIs−1 + σ2
γIs−1 + λmaxσ

2Is−1)

w2 = B′
3z + u2 ∼ N(r−1)(s−1)(0, σ2

γI(r−1)(s−1) + λmaxσ
2I(r−1)(s−1))
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Exact tests

Then,

w′
1w1

rσ2
β + σ2

γ + λmaxσ2
∼ χ2(s − 1)

w′
2w2

σ2
γ + λmaxσ2

∼ χ2((r − 1)(s − 1))

and to test H0 : σ2
β = 0 one can use

w′
1w1/(s − 1)

w′
2w2/(r − 1)(s − 1)

∼ F (s − 1, (r − 1)(s − 1)).
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Exact tests

To test H0 : σ2
γ = 0 one can use

w′
2w2/(r − 1)(s − 1)

λmaxv
′
2v2/(N − 2rs + r)

∼ F ((r − 1)(s − 1), N − 2rs + r),

where v2 are N − 2rs + r variables from R.
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Some references

• Wald (1941), Spjøtvoll (1968), Thomsen (1975) presented
exact tests for ratios of VC in one-way and two-way
cross-classification models without interactions.

• Khuri (1986, 1987, 1990), Khuri & Little (1987), Gallo &
Khuri (1990) constructed exact tests concerning the VC of
the random effects and estimable linear functions of the
fixed effects in an unbalanced mixed two-way
cross-classification with interaction model.

• Öfversten (1993, 1995) presented methods for obtaining
exact F-tests of VC for models with one random factor,
models with nested classifications, and models with
interaction between two random factors.

• Christensen (1996) commented on Öfversten’s results and
focused on linear spaces.

• Others: Seifert (1992), Mathew & Sinha (1992).
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Estimation of fixed effects

Assume the model:

y = Xβ + Zγ + ǫ,

where β is to be estimated and y: n × 1, the random vector, X:
n × k, Z: n × l are known matrices both supposed to be of full
column rank, C(X) ⊆ C(Z), γ ∼ Nl(0, σ2

γI l), and
ǫ ∼ Nn(0, σ2In), where the variances are unknown.

Let C: n × t be of full rank such that C(C) = C(X)⊥ ∩ C(Z).

We have C(Z) = C(X) ⊞ C(C), and

Z = (X : C)Q = XQ1 + CQ2,

for some Q′ = (Q′
1 : Q′

2): l × k: l × t.
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Estimation

A canonical form of the model can be obtained as follows: Let

B1 = X(X ′X)−1,

B2 = C(C ′C)−1,

B3 be any matrix such that C(B3) = C(Z)⊥.

Observe

Rn = C(B1) ⊞ C(B2) ⊞ C(B3).

Then,

y = Xβ + Zγ + ǫ

is equivalent to
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Estimation: y = Xβ + Zγ + ǫ

y = Xβ + XQ1γ + CQ2γ + ǫ

and we get that a 1-1 transformation of the model equals
(B1 = X(X ′X)−1, B2 = C(C ′C)−1, C(B3) = C(Z)⊥)

u1 := B′
1y = β + Q1γ + B′

1ǫ, (1)

B′
2y = Q2γ + B′

2ǫ, (2)

B′
3y = B′

3ǫ. (3)

(2) is equivalent to

v2 := (Q2Q
′
2)

−1/2B′
2y = (Q2Q

′
2)

−1/2Q2γ + (Q2Q
′
2)

−1/2B′
2ǫ

. (4)
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Estimation

Observe that

D[v2] = σ2
γIt + (Q2Q

′
2)

−1/2B′
2B2(Q2Q

′
2)

−1/2.

In the next we perform the important step to add observations
from (3) to (4) so that a diagonal dispersion is obtained, i.e.

u2 := (Q2Q
′
2)

−1/2B′
2y

+ (λIt − (Q2Q
′
2)

−1/2B′
2B2(Q2Q

′
2)

−1/2)1/2sel(B′
3y, t),

where the selection operator sel(B′
3y, t) selects t observations

from B′
3y ∼ Nn−l(0, σ2In−l) and λ is so large that the square

root exists.
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Estimation

Now,

E[u2] = 0,

D[u2] = σ2
γIt + λσ2It

and u2 is normally distributed.

It is clear that if we would like to utilize u2 the parameter λ
should be chosen as small as possible because the dispersion
of u2 is proportional to λ.

Moreover, for u1 = B′
1y = β + Q1γ + B′

1ǫ,

C[u1,u2] = C[Q1γ, (Q2Q
′
2)

−1/2Q2γ] = σ2
γQ1Q

′
2(Q2Q

′
2)

−1/2.
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Estimation

Below the main action takes place, namely condition u1 with u2

and we obtain

E[u1|u2] = E[u1] + C[u1,u2]D[u2]
−1u2

= β +
σ2

γ

σ2
γ + λσ2

Q1Q
′
2(Q2Q

′
2)

−1/2u2.

Thus, with known variances

β̂ = u1 −
σ2

γ

σ2
γ + λσ2

Q1Q
′
2(Q2Q

′
2)

−1/2u2

= (X ′X)−1X ′y −
σ2

γ

σ2
γ + λσ2

Q1Q
′
2(Q2Q

′
2)

−1/2u2
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Estimation

Finally we estimate the ratio of the variances. Note that

σ2
γ

σ2
γ + λσ2

= 1 −
λσ2

σ2
γ + λσ2

,

and (u2 ∼ Nt(0, (σ2
γ + λσ2)It), u3 ∼ Nn−t−l(0, σ2In−t−l))

E[(u′
2u2)

−1] =
1

t − 2
(σ2

γ + λσ2)−1, t > 2

E[u′
3u3] = (n − t − l)σ2.

Because u2 and u3 are independent we immediately find an
estimator of σ2

σ2
γ
+λσ2 , and thus β has been estimated.
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Estimation

The expression equals

β̂ = u1 − f = (X ′X)−1X ′y − f ,

where

f = (1 − cu′
3u3(u

′
2u2)

−1)Q1Q
′
2(Q2Q

′
2)

−1/2u2

and

c = λ
t − 2

n − t − l
.
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Properties

Before going to calculate the mean and dispersion of the
estimator we need to know

E[u2(u
′
2u2)

−1u′
2],

E[u2(u
′
2u2)

−1(u′
2u2)

−1u′
2].

Since Γu2 has the same distribution as u2 for any orthogonal
matrix Γ we have that ΓE[u2(u

′
2u2)

−1u′
2]Γ

′ equals
E[u2(u

′
2u2)

−1u′
2]. Thus

E[u2(u
′
2u2)

−1u′
2] = c0It

and taking the trace on both sides implies that c0 = 1/t.
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Properties

Hence,

E[u2(u
′
2u2)

−1u′
2] = It/t.

Similarly
E[u2(u

′
2u2)

−1(u′
2u2)

−1u′
2] = c0I,

co = E[(u′
2u2)

−1]/t =
1

t(t − 2)
(σ2

γ + λσ2)−1.
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Properties β = u1 − f = (X ′X)−1X ′y − f

Now the mean and dispersion for β̂ is derived. Since E[u2] = 0

and E[u2(u
′
2u2)

−1] = 0 it follows that β̂ is unbiased, i.e.

E[β̂] = β.

Moreover, we have

D[β̂] = D[u1] + D[f ] − C[u1,f ] − C[f ,u1]

and the terms in the right hand side will be considered
separately.
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Properties

D[f ]

= E[(1 − cu′
3u3(u

′
2u2)

−1)2Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
2(Q2Q

′
2)

−1/2Q2Q
′
1].

Hence we have to perform the following calculation:

E[Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
2(Q2Q

′
2)

−1/2Q2Q
′
1]

= (σ2
γ + λσ2)Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1,

E[cu′
3u3(u

′
2u2)

−1Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
2(Q2Q

′
2)

−1/2Q2Q
′
1]

= c(n − t − l)σ2E[u2(u
′
2u2)

−1u′
2]Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1

= c
(n − t − l)σ2

t
Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1,
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Properties

E[c2(u′
3u3)

2(u′
2u2)

−2Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
2(Q2Q

′
2)

−1/2Q2Q
′
1]

= c22(n − t − l)(σ2)2E[u2(u
′
2u2)

−1(u′
2u2)

−1u′
2]Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1

= c2 2(n − t − l)(σ2)2

t(t − 2)(σ2
γ + λσ2)

Q1Q
′
2(Q2Q

′
2)

−1Q2Q
′
1.
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D[β̂] = D[u1] + D[f ] − C[u1,f ] − C[f ,u1]

Hence,

D[f ]

= ((σ2
γ + λσ2) − 2c

(n − t − l)σ2

t
+ c2 2(n − t − l)(σ2)2

t(t − 2)(σ2
γ + λσ2)

)

×Q1Q
′
2(Q2Q

′
2)

−1Q2Q
′
1. (5)

Now C[f ,u1] is calculated via conditioning u1|u2:

C[f ,u1] = Eu2
Eu1|u2

Eu3
[(1 − cu′

3u3(u
′
2u2)

−1)Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
1]
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Properties

C[f ,u1]

= Eu2
Eu1|u2

Eu3
[(1 − cu′

3u3(u
′
2u2)

−1)Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
1]

= Eu2
[(1 − cE[u′

3u3](u
′
2u2)

−1)Q1Q
′
2(Q2Q

′
2)

−1/2u2u
′
2

×(Q2Q
′
2)

−1/2Q2Q
′
1]σ

2
γ/(σ2

γ + λσ2)−1

= (σ2
γ − c

σ2
γσ2(n − t − l)

t(σ2
γ + λσ2)

)Q1Q
′
2(Q2Q

′
2)

−1Q2Q
′
1. (6)

Thus, from (5), (6) and D[u1] = σγQ1Q
′
1 + σ2B′

1B1, D[β̂] is
obtained, i.e.

D[β̂] = D[u1] + D[f ] − 2C[u1,f ]

It remains to express Q1Q
′
1 and Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1.
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Properties

It remains to express Q1Q
′
1 and Q1Q

′
2(Q2Q

′
2)

−1Q2Q
′
1

in the original matrices. The expression follow however
immediately from

(
(X ′X)−1X ′

(C ′C)−1C ′

)
ZZ ′

(
X(X ′X)−1 C(C ′C)−1

)

=

(
Q1Q

′
1 Q1Q

′
2

Q2Q
′
1 Q2Q

′
2

)
.

Q1Q
′
1 = (X ′X)−1X ′ZZ ′X ′(X ′X)−1,

Q1Q
′
2(Q2Q

′
2)

−1Q2Q
′
1

= (X ′X)−1X ′ZZ ′C(C ′ZZ ′C)−1C ′ZZ ′X ′(X ′X)−1.
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